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Hydrodynamic effects in the transient dynamics of the Freedericksz transition in the twist and homeo- 
tropic to planar geometries are analyzed. A novel dynamical anisotropic response for the transverse 
orientational fluctuations of the director at finite wave numbers is described. 
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The textbook analysis',' of the transient dynamics associated with the Freedericksz 
transition considers a nematic sample spatially homogeneous in the (x,y) directions 
and contained between two plates perpendicular to the z-direction and separated 
a distance d. At these plates strong anchoring boundary conditions for the director 
are assumed. When the magnetic field is switched-on to a value H > H,, the 
reorientational dynamics of the director is described by the evolution of the am- 
plitudes of the discrete Fourier modes along z of an appropriate orientational 
angle .3 The study of spatial inhomogeneities in the transverse (x,y) directions is 
also of interest for several reasons. First, even in the absence of hydrodynamic 
couplings, the transverse spatial fluctuations of the director field are anomalously 
large during the transient  dynamic^.^ (By transverse spatial fluctuations we mean 
the correlated fluctuations of the director orientation occurring at different space 
points in the transverse (x,y) plane). Secondly, it is known that, for example in 
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the twist geometry,lr2 hydrodynamic couplings are responsible for the appearance 
of transient periodic spatial structures in one transverse direction when the magnetic 
field is large e n o ~ g h . ~ , ~  However, an analysis of possible periodicity in both x and 
y directions has not been reported. In this letter we consider the transient dynamics 
of the Freedericksz transition in the twist and homeotropic to planar geometries, 
allowing for transverse spatial inhomogeneities in both x and y directions and 
including hydrodynamic couplings. For a third possible geometry (planar to ho- 
meotropic transition), an x - y periodicity has already been ~onsidered.~ We 
address here two main questions. One concerns the possibility of the occurrence 
of two-dimensional transient spatial structures. The second question concerns the 
effect of the hydrodynamic couplings, when no transient spatial structures occur, 
in the transverse spatial fluctuations which are largely amplified during the transient 
dynamics. Our starting point for this analysis is the complete set of stochastic 
nematodynamic equations developed in Reference 6. 

In the two geometries considered here the hydrodynamic coupling of the director 
with the velocity field leads to an effective viscosity coefficient y for the director 
which depends on the wave number q = (qx,q,). We make the usual assumption 
in which macroscopic flow only occurs along the direction of the applied magnetic 
field. In this case and in the twist geometry, we find a negative answer to the 
question of a possible transient pattern with periodicity in both x and y directions. 
We also find that no transient pattern occurs in the homeotropic to planar ge- 
ometry.8 On the other hand a rather interesting result is found in both geometries 
concerning hydrodynamic effects in the transient transverse spatial fluctuations. It 
happens that the effective viscosity coefficient is clearly anisotropic so that the 
transient amplification of the transverse spatial fluctuations has a largely different 
dependence on x and y .  While the anisotropy of static properties of the nematic 
phase is well known this phenomenon appears as an example of novel dynamical 
anisotropic properties. The dynamical anisotropy appears as a result of hydrody- 
namic couplings involving the transverse response of the system at wave numbers 

Our general starting equations for the director n(r,t)  and velocity fields are6 
q f 0. 

where F is the free energy functional 

F = (1/2) dr KaBys dBn, a,n, - (1/2) dr xa (n, H,J + (1/2) I drp v2 (3) I 
The first term gives the Oseen-Frank distortion free energy in terms of Frank’s 
elastic constants K,, K ,  and K3. The second term is the magnetic free energy given 
in terms of the anisotropic part of the magnetic susceptibility xa and the magnetic 
field Ha. The third term gives the hydrodynamic contribution, being p the mass 
density. Equations (1) and (2) describe the coupled dynamics of n and v in terms 
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of the free energy (3) and of the kinetic operations rPv and L,, which in turn are 
given4 in terms of viscosity coefficients’ yl, y2, vl, v2 and v3. The noise sources tp 
and are Gaussian white noise with zero mean. They satisfy fluctuation- 
dissipation relations such that the equilibrium distribution associated with (l), (2) 
has the canonical form Peg [n(r ) ,  v(r)] - exp[ - F/k, 4: 

([p(r,t)Sy(r’,t’)> = (2kB T/yl)S(r - r’)6(f - t’) 6py 

(a,R,,(r,f)[a,n,,(r’,t’)]‘) = -2  KBT L,, S(r - r’)S(t - t‘) 

(4) 

( 5 )  

In the absence of hydrodynamic couplings (1) reduces to the equation used to 
describe the fluctuating dynamics of the d i r e c t ~ r ~ ? ~ .  In the absence of director 
dynamics ( 2 )  reproduces the fluctuating hydrodynamics of Laudau-Lifshitz. 

We now specialize equations (1)-(3) to particular situations in the twist and ho- 
meotropic to planar geometries. In the two cases the sample is contained between 
two plates perpendicular to the z-axis located at z = 2 d/2. In the twist geometry 
the director is initally aligned along the x-axis (no = (l,O,O)) and the magnetic field 
is applied along the y-axis. In the homeotropic to planar transition the director is 
initially along the z-axis (no(O,O,l)) and the magnetic field is applied along the x- 
axis. In both cases macroscopic flow is assumed to occur only in the direction of 
the applied field so that v, = v, = 0 in the twist case, and vy = v, = 0 in the 
homeotropic to planar transition. Also in both cases we keep the full dependence 
of the variables n and v in z and in the transverse coordinates (x,y). We invoke a 
minimal coupling approximation6 in which the dependence of the kinetic operators 
on the director is approximated replacing n by no. In the twist geometry the director 
reorientation is assumed to take place in the x,y plane so that 

n,(r,t) = cos 0 (r,t) ny(r,t) = sin 0 (r, t)  (6) 

(7) 

+ (l/P)(v*a,2 + v3a,2)Vy(v) + + (8) 

and the stochastic equations become 

dr0( r , t )  = (-1/y1)@F/S@) + ((1 + A)/2)a,vy(r,t) + t(r,f) 

d,v,(r, t )  = ((1 + A)/2p)dx(6F/6Q)) 

where A = (y2/y1) and the incompressibility condition ayvy = 0 has been used to 
simplify the systematic and stochastic contributions in (8). Likewise, in the ho- 
meotropic to planar geometry reorientation is assumed to take place in the x,z 
plane so that 

n,(r,t) = sin 0 (r,t) n, = cos 0 (r, t)  

The stochastic equations become 

d,@(r,t) = -(l/y1)(6F/S@) + ((1 + A)2)dZv,(r,t) + [ ( r , f )  (9) 
d,v,(r,t) = ((1 + X)/2p)az(SF/60) 

+ (l/P)(v2a; + v3@)v,(r,t) + aYa.”, + w z ,  (10) 
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To proceed further we make the approximation of negligible inertia in which the 
velocity follows instantaneously the director dynamics: d,v, = 0. The elimination 
of the velocity leads to a closed equation for the angle 0. This elimination is 
conveniently done using a Fourier transform. With p = ( x , y )  

0 ( r , t )  = zmxq@rn,q(t)cos[(2rn + 1) (?rz/d)]e'qP (11) 

v(r,t) = ZmXq v,,~ (t)cos[(2rn + 1) (?rz/dj]e'q~ (12a) 

v(r,t) = EmZq vm,,(t)sin[(2m + 1) (~z/d)]e@p (12b) 

where (12a) is for the twist situation and (12b) for homeotropic to planar. Similar 
transformations are used for the noise sources. The index rn numbers the discrete 
modes in the z-direction and q is the continuous wave number in the transverse 
plane. In the linear approximation the resulting equation for the amplitude @,,(t) 
turns out to be: 

where y&(q) is an effective, wave number dependent, viscosity coefficient. The 
effect of the hydrodynamic coupling in the dynamics is contained in this effective 
viscosity. W,(q)/yA(q) is the amplification factor of the fluctuations during the 
transient dynamics associated with the switching-on of the magnetic field. The noise 
source ~ , . ~ ( t )  is a linear combination of the Fourier amplitudes of 6 and d,Oap. It 
satisfies a fluctuation dissipation relation with the effective viscosity 

Where V is the volume of the system. The explicit forms of y' and W are, for the 
twist geometry 

where a2 = (1/2)y1(1 + A) and qc = v, + (a:/yl). For the homeotropic to planar 
geometry to find 

7; HP(q) = ylTmHP(qy) = yl( l  - &yl(qc + v2 q;d2/(2m + I ) ~ T ~ )  (17) 

W, HP(q) = xaH2 - Klq: - K2q; - K42m + 1j2.rr2/d2 (18) 

The questions addressed in our introductory remarks can be now answered in view 
of Equations (13j, and (15-18). In fact, the important point is the wave-number 
dependence of the effective viscosity coefficients. We note that yk T(q = 0) = 
y1 so that the hydrodynamic coupling disappears for homogeneous reorientation 
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in the twist geometry, while an effective viscosity still exists2,* for q = 0 in the HP 
geometry, The instability of a given mode is determined by the positivity of Wm(q): 
There exists a range of q- modes associated with rn = 0 which become unstable 
when H > H,  with Hf,T = (K2n2/xa d2)  and e,HP = ( K 3 ~ 2 / ~ , d 2 ) .  A transient spa- 
tial pattern associated with the mode rn = 0 with characteristic periodicity qo 
appears when the product y;-’(q) W,(q) has a maximum at q = qo f 0 within the 
range of unstable q-modes. For the twist geometry such transient pattern occurs 
for large enough applied-fields.6 However yh T(q)  does not depend on q,, so that 
a pattern only occurs in the x-direction in spite of the systematic inclusion of 
inhomogeneities in the y-direction considered in this paper. These inhomogeneities 
were absent in the analysis of Ref 6. In the HP geometry contrary to what happens 
in the twist geometry, yhHP (4) is a monotonous increasing function of q so that 
the maximum of ykHP (q)-’  W,  HP(q) occurs at q = 0 and no transient pattern 
ever occurs. 

We next consider the transient amplification of transverse spatial fluctuations in 
the situations just described in which spatial patterns do not occur. These fluctua- 
tionsaredescribedbythe timedependent structurefactor C,,,(t) = (@,,,(t) @, , - , ( t ) ) .  
Introducing magnetic coherence lengths pi = Ki/xa W and a new time scale 
T = [l-(H,/H)’]x, W flyl, we find 

where Tm(q) is given by (15) and (17) in the two respective geometries and E = 2 
K,T/{V x,Hz [1- (Hc/H)2]} .  The anisotropy averaged transverse wave vector Q is 
in the two geometries considered 

qz fixes the range of unstable q-modes. In the twist geometry 

qf = pc2 [l - (2rn + 1)2 (Hc/H)2] (22) 

and the same expression in the HP geometry with p2 replaced by p3. Equation (19) 
is of the same form than the one studied in Reference 4 except for the q-dependence 
of Tm(q). That analysis neglected hydrodynamic coupling. Much of the discussion 
of that case applies here. We next focus on the specific consequences of the presence 
of the q-dependent viscosity coefficient. 

The amplification factor in (19) contains two well differentiated factors. The 
factor (1 - Q2/qf) comes from the form of the free energy. It is independent of 
the dynamics and therefore indepenent of the hydrodynamic coupling. The factor 
r, ~ ’(4) contains the dynamic effects originated in the hydrodynamic couplings. 
The statics of the nematic state show certain anisotropies for K ,  # K2 # K3. Such 
anisotropy in the free energy can be hidden by appropriate space rescaling of the 
transverse coordinates. This is the contents of (20)-(21) which permit to express 
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the static part coming from the free energy of (19) in terms of a redefined wave- 
number Q2. A dynamic anisotropy also appears in (19) due to the fact that Tm(q) 
has not a symmetric dependence on qx and qy. This anisotropy cannot be overcome 
by a wave-number independent change of time scale. It is reflected in the solution 
of (19) in the fact that the amplification rate of the transverse fluctuations in the 
n and y direction is different between themselves and different in the two geometries 
considered. We note that this difference only appears during the transient state 
since equilibrium fluctuations are independent of rm(q). In particular, the solution 
of (19) involves4 an initial condition which is independent of Tm(q). This is so 
because the initial condition corresponds to the equilibrium fluctuations at t = 0 
with an applied field H < H,. The coefficient Tm(q) determines the rate of initial 
amplification of fluctuations and also the rate of approach to the final equilibrium 
state. Therefore, for example for the HP geometry, the transverse spatial fluctua- 
tions in the x-direction will initially grow much faster than the ones in the y-direction 
and they will also decay at a slower rate. Thus, hydrodynamics reduce the transient 
anomalous fluctuations in the y-direction. Corresponding comments apply to the 
twist geometry. 

We finally note that the qualitative features of the dynamical anisotropies just 
discussed are not changed by the consideration of nonlinear  contribution^.^ Non- 
linear terms neglected in (19) can be handled by a Gaussian decoupling scheme as 
in Reference 4. In this scheme the nonlinear term is approximated by a decoupling 
in which the nonlinearity appears effectively at q = 0. In this approximation the 
nonlinearity does not introduce any new anisotropy. 

Acknowledgment 

Financial support from Direccidn General de Investigaci6n Cientifica y TCcnica, Projects PB-86-0534 
and PB-87-0014 is acknowledged. One of us (RFR) is grateful to the Department of Physics of the 
University of the Balearic Islands for the warm hospitality and financial support. 

References 

1. P. G. de Gennes, “The Physics of Liquid Crystals” (Clarendon, Oxford, 1975). 
2. S.. Chandrasekhar, “Liquid Crystals” (Cambridge University Press, Cambridge, 1977). 
3. F. Saguts and M. San Miguel, Phys. Rev.,  A32, 1843 (1985). 
4. F. Sagu&s and M. San Miguel, Phys. Rev.,  A33, 2769 (1986). 
5.  E. Guyon, R. Meyer and J. Salan, Mol.  Cryst. Liq. Cryst, 54, 261 (1979); F. Lonberg, S. Fraden, 

A. J.  Hurd and R. B. Meyer, Phys. Rev. Lett., 52,  19031 (1984). Y. W. Hui, M. R. Kuzma, M. 
San Miguel and M. M. Labes, J. Chem. Phys., 83, 288 (1985). M. R. Kuma, Phys. Rev. Lett., 57, 
349 (1986). J. P. McClyner, M. M. Labes and M. R. Kuzma, Phys. Rev. A37, 1388 (1988). 

6 .  M. San Miguel and F. SaguCs, Phys. Rev., A36, 1883 (1987). 
7. A.  J .  Hurd, S. Fraden, F. Lonberg and R.  B.  Meyer, J .  de Physique (Paris) 46, 905 (1985). 
8. F. SaguCs, Phys. Rev., A38 (1988) 
9. F. Saguts, F. Arias and M. San Miguel, Phys. Rev., A37, 3601 (1988). 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
04

 1
9 

Fe
br

ua
ry

 2
01

3 




